Abstract. Recently, most cities have tried to connect park-and-ride facilities with public transit vehicles. The present study aims to design urban bus routes in the transportation network equipped with park-and-ride. Seven important factors which affect the design of urban bus network are identified through the literature review. These factors include demand coverage, route directness, passengers' satisfaction, minimum length of bus route, budget, use of existing bus routes and number of lines. In this article, by use of the mentioned factors, a new model is developed to determine the urban bus routes. The new model figures the routes with park-and-ride as origin and Central Business District (CBD) as destination, in such a manner that the covered demand is maximized. Our novel method is more effective than other options currently available. In fact, it uses the most important factors in designing urban bus routes. Furthermore, an efficient Genetic Algorithm (GA) based approach is represented to solve large-scale problems. Numerical results show the effectiveness of this approach. At last, the developed model is applied to design the urban bus routes in the transportation network of Babol (Iran).
Introduction
The citizens of most cities often face the problems of traffic congestion. Heavy traffic causes many problems, such as irregularity in the movement of vehicles, delay in performing everyday tasks, reducing the efficiency of citizens' tasks, noises, negative environmental impacts and increased stress caused by driving in high traffic density. Along with the development of cities, the growth in the number of private cars is inevitable and it causes traffic problems for city residents. In recent years, the expansion of public transit services and providing enough parking space for private cars have become the most important strategies to solve the traffic problems (Khoo et al. 2014) . Using these strategies requires proper planning and management of urban transportation network.
Proper planning and management of urban transportation network is known as Urban Transportation Network Design Problem (UTNDP). Several aspects of these problems have been studied up to now, which two of them are mentioned in the following:
-designing new bus routes in the existing urban transit network to optimize the decision makers' purposes (Pacheco et al. 2009 ); -finding optimal location of facilities added to the existing transportation network or determination of the optimum capacity of the existing facilities (Friesz 1985) . UTNDPs contain complicated solution methods and are important from the practical viewpoint. Therefore, a lot of research has been done and many books and articles have been published in this area in the past five decades. UTNDPs are divided into two categories (Farahani et al. 2013) : Road Network Design Problem (RNDP) and Public Transit Network Design Problem (PTNDP). In RNDPs, the aim is to design new roads or develop the capacity of existed ones (Dantzig et al. 1979) . On the other hand, PTNDPs are applied for designing public transit routes including origins, destinations and paths of incoming arcs by considering the existing network topology. Since in real world situations we rarely encounter the design of a new city, it can be said generally that PTNDPs are more applicable than RNDPs (Farahani et al. 2013) .
Public transit vehicles are used for high percentage of passengers' transportation in medium and large cities. Among these vehicles, urban buses are responsible for high proportion of passengers' transportation because of their cheapness and easy availability. The design of urban bus routes has direct impact on the travel time, passenger attraction and the total cost of public transit system. Hence, it is quite reasonable to design urban bus routes in such a manner that the travel time becomes as low as possible and the covered area becomes as high as possible. In addition, budget factor also must be considered in designing urban bus routes.
Nowadays, beside the proper design of public transit network and urban bus routes, it is tried to use parkand-ride facilities to improve the performance of public transit system (Khakbaz et al. 2013) . Park-and-ride facilities are usually located on the periphery of the Central Business Districts (CBDs), and they prevent private cars from entering the CBD area. Equipping public transit system with park-and-rides and providing bus-based public transit services in park-and-rides can lead to reduced traffic congestion, higher satisfaction of private car users and extended use of public transit vehicles.
The performance of the park-and-rides can be strongly affected by the routes designed for urban buses which in turn depend on the factors which are used in designing the routes. The aim of the present study is to develop a mathematical model for finding optimal routes of urban buses in transportation network equipped with park-and-ride. In designing the urban bus routes, it is assumed that the urban buses start their trip form a park-and-ride and transport hundreds of passengers on their way to the CBD. To the best of our knowledge, there is no model that can simultaneously consider all mentioned factors. The proposed model finds the optimal routes in such a way that the all factors are considered and the covered demand is maximized.
In the section 1 of the article, public transit network is introduced briefly and previously developed models for designing public transportation network are reviewed. The basic assumptions of the new model are described in section 2, then some additional sets, parameters, and variables are defined and used to formulate the mathematical model. A GA-based algorithm for solving large-scale problems, is proposed in section 3.
In section 4, a case study is presented to demonstrate the efficiency of the developed model and finally, the conclusion of this article is stated in the last section.
Literature Review
The urban transportation network design decisions are divisible into three levels: strategic, tactical and operational (Farahani et al. 2013) . Decisions at each level are affected by those at the higher levels (Fig. 1) . For example, making decisions about traffic light-timing largely depends on how to design and build the streets.
In recent years, many researches have been done on the design of urban transportation network that first of them was published in 1967. In the mentioned research, Lampkin and Saalmans (1967) developed a linear model for routing urban buses that aims to maximize the level of service they provide and then a heuristic approach was applied for solving the problem. From literature review, it is evident that effective factors in designing urban buses network are categorized into seven groups: demand coverage, route directness, passengers' satisfaction, minimum bus route length, budget, use of existing bus routes and number of lines. In the following, each of these groups is described separately.
Demand coverage. Bus-based transit services have the largest proportion of passenger transportation among different public transit modes. One of the most important characteristics of an urban bus fleet is its locality, meaning that the services provided by this fleet are available in most areas (Karou, Hull 2014) . In other words, unlike rail-based transit services, such as metro and tram which are available just on rail lines, bus stops are available in many streets of a city. In addition to improving the use of bus-based transit services, proper design of urban bus routes also reduces the travel time and provides more satisfaction for passengers (Chakroborty, Wivedi 2002) . Due to these facts, demand coverage maximization is one of the important goals in designing a public transit system (Ge et al. 2015) . The area covered by a specific public transit system is equivalent to the portion of total transportation demand that would be met by the system. In many studies in the field of public transit network design, demand coverage has been regarded as an important criterion for measuring the efficiency of the final design. In some studies, the cov- Fig. 1 . Levels of decision-making process in the UTNDPs Operational ered demand has been defined as an objective function to be maximized (Zhao 2006; Curtin, Biba 2011) and in some other studies, it has been considered as a constraint of the design problem (Barra et al. 2007; Nikolić, Teodorović 2013) . Route directness. Route directness is one of the criteria for evaluating the efficiency of urban bus transit that will be increased by decreasing bus route deviation from the shortest path. Directness of urban bus routes affects the speed of bus fleet, decreases travel time, and therefore it leads to a higher passengers' satisfaction. In some studies, route directness factor has been utilized for designing urban bus routes (Zhao, Zeng 2006; Zhao 2006) .
Passengers' satisfaction. One of the main objectives in designing any public transit system is to increase passengers' satisfaction. So far, many definitions have been advanced for the term passengers' satisfaction but it can be said generally that passengers' judgments about the level of provided service reflect their satisfaction. If they were satisfied with the provided service, passengers would be more willing to use the service. The satisfaction level of urban bus passengers depend on several factors, including travel time, safety, information, convenience, driver behaviour and some others. Among them, travel time is one of the most important factors in designing urban bus routes (Thompson, Schofield 2007) .
Minimum length of bus route. Determining the proper length of urban bus routes has a great impact on the performance of public transit systems. The shorter bus route will lead to a decrease in the cost of capital and the longer one will provide a more accessible service for passengers. Due to the impact of bus route length on the cost of capital and accessibility, some researchers have used this criterion in designing urban bus routes (Cipriani et al. 2012; Amiripour et al. 2014) .
Budget. Along with the increase in the length of urban bus routes, there is an increase in the amount of fuel consumption, depreciation of equipment and labour requirements. In some studies, it has been tried to determine the optimal routes of urban buses by minimizing the total cost (Tirachini 2014; Badia et al. 2014) and in some other, budget has been considered as a constraint of the developed model (Yan et al. 2010; Tirachini et al. 2014) .
Use of existing bus routes. The role of existing urban bus routes in designing new urban bus routes is discussable form two points of view including cost and passengers' satisfaction. Efficient use of existing urban bus routes reduces the cost of developing new routes, also, it increases the satisfaction level of passengers by keeping existing urban bus routes accessible (Bielli et al. 2002) .
Number of lines. An increase in the number of urban bus lines will lead to an improvement in the level of provided service and make less traffic congestion. On the other side, this increment needs more investment on the public transit system that, due to budget constraint, can be reached partially. In several studies, it has been tried to determine the optimal number of lines by considering the length of bus routes and transport network topology (Fan, Mumford 2010; Szeto, Wu 2011) .
Through literature review, it can be found that previous studies on the urban bus network design problems contain wide variety of objective functions and constraints, also, they have used one or more factors for modelling. Budget and minimum length of bus route factors have been used in several studies, which indicates the importance of them. However, all seven factors have not been used simultaneously in any of the studies reviewed. According to the importance of each factor in designing urban bus routes, it feels the need to develop a new model that incorporates the all important factors in designing urban bus routes. The Vehicle Routing Problem (VRP) is one of the most studied models which has attracted much interest in recent years and plays an important role in the field of distribution and transportation network design problems. In this research, a new VRP model is proposed that efficiently considers the all seven factors in designing urban bus routes.
Represented model is different from previous studies in the following key ways. First, objective function and constraints of the developed model are different from existing studies. Second, determining urban bus routes which originate from a park-and-ride and finish at CBD area is investigated for the first time. Demand coverage is the objective function to be maximized. Also, several constraints, such as route directness, number of lines, budget, maximum use of existing urban bus routes in designing new routes and minimum length of each route are considered in the new model. After formulating the model, a Genetic Algorithm (GA) based approach is represented for solving large-scale problems.
Model Formulation
The VRP is one of the best-known combinatorial optimization problems in which optimal solution is determined in such a way that the designed routes totally cover the demand of the customers (Lin et al. 2010) . The first study in this area that used the term 'vehicle routing' , was presented by Golden et al. (1977) .
Transport network, users, vehicles, depots, operational constraints and objective function are the most important components of the VRP. The transport network is represented by a graph G = (N, A) where N is a set of nodes and A is a set of undirected arcs. Nodes indicate the depots and the location of users that referred to as demand node while the arcs represent the path between two nodes. Users or passengers are people who use urban buses, referred to as vehicle, to travel from one node to another. Urban buses are used to transport passengers on their route from a park-and-ride, referred to as depot, to a demand node on the CBD area. The developed linear model tries to design the urban bus routes in such a manner that the total covered demand is maximized. The constraints of the model are: number of lines, number of park-and-rides, available budget, minimum length of each bus route, maximum use of existing urban bus routes and route directness.
In the all previous VRPs, vehicles are used to meet the demand between each pair of demand node and depot. In the developed model, urban buses start their trip form a park-and-ride and transport passengers on their route to a demand node on the CBD. Ultimately, they return to the park-and-ride by going through the route in the reverse order. In represented model, two types of demand are taken into account:
-the demand between each pair of demand node and park-and-ride: this type of demand refers to the passengers leaving their private vehicles at the park-and-ride and using urban buses for the rest of their trip to the CBD area; in other words, these passengers use private vehicle to travel from their origin, somewhere out of the CBD area, to the park-and-ride and continue their trip to the CBD by use of urban buses at the park-and-ride. -the demand between each pair of demand nodes:
this type of demand includes passengers that select urban buses for doing their trip form one node to another one in the CBD area; in other words, private vehicles do not have any role in their trip and they only use urban buses for doing their trip. The new model uses a modal choice model for transit modes, including private vehicles, taxis, urban buses and non-motorized mode. In this research, a Multinomial-Logit Model (MNL) is used to determine the demands related to the bus network which are considered as the input of the new model (Tay et al. 2011) . The multinomial choice model expresses the probability of individual m to choose transportation mode r within the choice set C m by the following equation:
where: C m are the transportation mode alternatives which include private vehicles, taxis, urban buses and non-motorized mode; V r,m is the utility function of the r-th transportation mode; V o,m is the utility function of the o-th transportation mode. This function is defined as follows:
where: c r,m and d r,m represent the perceived cost and duration of a trip respectively; the parameters m cost and m time allow to balance these two costs. According to the characteristics of all developed VRPs and based on the mentioned assumptions, three different types of VRP models are used to develop a new model. These models include, Pickup and Delivery Problem (PDP), Multi-Depot Vehicle Routing Problem (MDVRP) and Open Vehicle Routing Problem (OVRP).
Following assumptions are also considered in developing the new model:
-urban buses are the only type of vehicle that used in the model; -the travel time is deterministic; -in each node, some passengers get off the bus and some passengers get on the bus; -each urban bus route starts from a park-and-ride and finishes in a demand node at the CBD. To formulate the developed model, some notations are introduced in this article and the transit network is expanded to include one dummy node (i.e., node 0). The dummy node is used to show that each new urban bus route finishes at the CBD area. The notations and parameters of this study are given in the following. , , ,
SP ks -length of shortest path between origin k and destination s; q -upper threshold for the deviation of new urban bus routes from their shortest path. 
subject to: 
NR ks 
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In the represented model, the objective function (3) maximizes total covered demand. Constraints (4) ensure the continuity of routes i.e. when an urban bus route enters in a node it has to exit. Constraints (5) show that each new urban bus route should be started from a parkand-ride. Constraints (6) define the number of urban bus routes that must be originated from each park-and-ride. Constraint (7) implies that there is no arc from node 0 to other nodes. Based on constraints (8), all new urban bus routes must be ended at node 0. Constraints (9) and (10) determine whether the nodes k and s are located at the new urban bus route ρ. Constraints (11) and (12) determine whether the nodes k and s are connected to each other. Budget restriction is expressed by constraint (13). Based on Constraints (14), the length of each new urban bus route should at least be equal to LB. Constraints (15) prohibit subtour solutions. Constraints (16) ensure that if existing urban bus route l is considered in designing new urban bus route ρ, then the sequence of nodes in the route l is ordered. Constraints (17) impose that each existing urban bus route must be used at least in one of new urban bus routes. Constraints (18) and (19) determine the start and end nodes of each new urban bus route. Constraints (20) express that the deviation of each new urban bus route from its shortest path should not exceed the upper threshold.
This new model was developed based on the mathematical formulations of PDP, MDVRP and OVRP. Constraints (4)- (6) are those of the MDVRP. Constraints (7) and (8) belong to the OVRP, first proposed by Sariklis and Powell (2000) and constraints (9) and (10) are related to the PDP, another variant of the VRP, which considers pickup and delivery transportation demands simultaneously. Represented model contains both integer and continuous variables thus, it can be referred to as Mixed-Integer Linear Programming (MILP). Assuming the lack of pickup/delivery and second type of demand, developed model reduces to OVRP, which is NP-hard (Brandão 2004) . Hence, represented model is also NPhard and an efficient heuristic algorithm is needed to obtain good solutions for large-scale problems.
Solution Method
In this article, a GA-based approach is applied for solving the developed model in a reasonable amount of time. GA is one of the most popular evolution algorithms and is more common in the field of UTNDP because of its efficiency and speed to achieve good solutions (Farahani et al. 2013) . The developed GA-based approach first generates a number of feasible initial solutions, by use of a heuristic approach, that each of them indicates a set of urban bus routes originate from a park-and-ride and finish at the CBD area. Then, some parents are selected by Roulette Wheel method and children are produced through mutation and crossover. For each pair of selected parents, crossover produces a pair of children. Hence, the number of produced children is equal to the number of selected parents. In addition, some other parents are selected and new children produced by use of mutation. During the production of new children, an Evaluation operator is used to test the feasibility of the children. This operator checks the feasibility of budget limit, deviation from the shortest path and minimum length of each urban bus route for all produced children. All feasible children that produced through crossover and mutation operators, are transferred to next generation for producing new children and it continues until stopping criterion is met.
Representation Scheme and Initialization Method
A feasible solution includes NR routes that R p of them start from p-th park-and-ride NR = R 1 + R 2 + … +R PR and finish at a demand node in the CBD area. Fig. 2 illustrates the solution representation scheme of the GA-based approach in which squares indicate park-andrides, circles represent demand nodes and arrows show the direction of bus travel. The GA starts by generating npop feasible initial solutions by use of a heuristic approach which is described as follows: -Repeat -For route ρ = 1 to NR Select an origin node for route ρ(i = 1) − Repeat Randomly select a node i + 1 that is not appeared on route ρ Insert node i + 1 to route ρ -Until the minimum length of route ρ is reached and its deviation from shortest path is met -Next route -Until budget restriction is satisfied.
Fitness Evaluation and Selection Method
Fitness function value is the same as the objective function of the model. For each solution i from the initial population npop, first the value of fitness function f i is Fig. 2 . Representation scheme of the GA-based approach calculated then selection probability of each individual p i is computed by Eq. (22). By use of Roulette Wheel method, a number of predefined random numbers are produced and corresponding individuals are selected for off-springs.
Crossover and Mutation Operators
Because of the complexity of the represented problem in producing feasible solutions, specified crossover and mutation operators are used to develop the GA-based approach. Crossover operator exchanges sequences of intermediate nodes between two routes with the same origin and then the feasibility of produced children is investigated by Evaluation operator. In a sample problem with 2 park-and-rides and 18 demand nodes which is aimed to design one route from each park-and-ride, i.e. R 1 = R 2 = 1, Fig. 3 illustrates the process of a crossover operator to produce new children. Two mutation operators, namely, insert and remove are used for the developed GA (Fig. 4) . In the insert operator, a stop node is inserted into a selected route of the solution which the node, the route and the inserted position are determined randomly. Likewise, the remove operator removes a node from a route randomly.
Stopping Criterion
To improve the quality of the developed GAs solution, stopping criterion is defined based on the improvement in the results of successive generations. In other words, the algorithm stops when no improvement is observed for a predefined number of iterations.
GAs Efficiency
To evaluate the efficiency of the developed heuristic approach, 160 sample problems have been solved by use of the improved GA and the obtained results have been compared with the optimum solutions. For this comparison, the sample problems with an average optimum solution time less than 6000 seconds have been considered. These problems are divided into 8 major classes that each class exhibits the values of certain parameters of the model, such as the number of park-and-rides and the number of demand nodes. Other input data, such as demand matrix, distance matrix and cost matrix, were generated randomly for each of twenty problems belong to one of the eight main classes. The key parameters associated with the sample problems are summarized on Table 1 .
Based on the results, in 92% of cases the solution obtained by the GA-based approach was the same as the optimal solution. The average time required to obtain the optimal solution was 5890 seconds that is so high in comparison with that of the GA-based approach, i.e. 94 seconds. By comparing optimal and the GA-based approach it can be said that the developed GA yields good results with maximum error less than 5%, in a shorter time in comparison with the optimal approach.
Case Study
In this section, the developed model is used to design urban bus routes in a small city of Iran -Babol, which includes two park-and-rides and eighteen demand nodes. The city is the capital of Babol County and located in the north of Iran. The census data show that the population of Babol city was 219467 in 2012. Urban buses and taxis are the most important public transit of Babol that serve over the 30% of the daily demand for urban transportation. In the transportation network of Babol, park-and-rides are located on the periphery of the CBD and it is aimed to design two new urban bus routes, one route from each park-and-ride. Fig. 5 shows the location of park-and-ride facilities, demand nodes and streets, in which nodes 1 and 2 indicate the location of park-and-rides and demand nodes are marked with numbers 3 to 20. Based on the parameters of the developed model, the input data consist of the following:
-origin-destination travel demand matrix; -distance matrix; -cost matrix; -shortest path matrix. In addition to above requirements, other parameters that used in the model are as follows: n = 20, PR = 2, NR = 2, R 1 = R 2 = 1, B = $2 million, LB = 5 km, q = 2. Parameters, such as D ks , dis ij , c ij and SP ks are obtained from origin-destination travel demand matrix, distance matrix, cost matrix and shortest path matrix respectively. For optimum solution, GAMS software was used.
The problem was solved under two different scenarios that each of them is described and the results of the problem under each scenario will be presented completely.
Scenario 1
In this scenario, it is assumed that the designer can consider all streets in designing new urban bus routes. In other words, this scenario indicates that the existing urban bus routes are not addressed in solving the problem. Therefore, constraints 16 and 17 are removed from the model formulation. After running the model under scenario 1, the urban bus routes presented in Table 2 are obtained as optimal solutions. The first route originates from park-and-ride 1 and finishes in node 9 after passing through the nodes 3, 6, 5, 11, 12 and 10, also, parkand-ride 2 is the origin of second route and the nodes 19, 18, 17, 16, 8 and 9 are the other nodes of this route respectively. These two routes can cover up to 19430 demands, which is nearly 31% of the total demand. The length of route 1 is 5.03 km and the length of route 2 is 5.07 km, also, the total cost of these two urban bus routes is $1.951 million. 
Scenario 2
In this scenario, the existing urban bus routes are considered in designing new urban bus routes. Hence, it can be said that the results of the problem under this scenario deal with the optimal use of existing urban bus routes. On the other hand, by adding constraints 16 and 17 to the model and taking into account the existing urban bus routes, other parameters will be as follows: {20, 17, 15, 14, 10}. After solving the problem under scenario 2 and comparing the results with them of the first scenario, interesting facts were obtained which are reviewed in the following. In the second scenario, it is assumed that an urban bus route, as shown in Fig. 6 , is existed on the transportation network and provides service for passengers. Use of existing urban bus route in designing new plan can lead to a decrease in the total cost and makes it possible to cover more demand than the amount given by the first scenario.
Routes obtained by solving the model under the second scenario, as shown in Table 3 , are different from them of the first scenario. The first route with 7.29 km length, originates from park-and-ride 1 and finishes in node 19 after passing through the nodes 3, 7, 8, 16, 17 and 18. Also, park-and-ride 2 is the origin of the second route and the nodes 20, 17, 15, 14, 10, 9, 6, 5 and 4 are the other nodes of this 5.82 km length route respectively. The total cost for setting up these two routes is $1.987 million that is little more than the cost of the first scenario. In addition, optimal routes obtained in the second scenario can cover 41% of total demand that is equal to 25556 passengers.
Discussion
Above example was solved as a practical application of the proposed mathematical model that indicates the performance of the represented model in optimizing transportation network design. In this example, a transportation network consists of two park-and-rides and eighteen demand nodes has been evaluated and the developed model has been analysed under two different scenarios. Solving the model under these scenarios enables the decision maker to analyse the role of existing urban bus routes in designing new ones from different aspects, such as cost, route length and demand coverage. On the other hand, by using the parameter q, the designer can determine an appropriate value for the deviation of new urban bus routes from their shortest path that is one of most important factors affecting the quality of provided service. If the designer wants to have urban bus routes with minimum deviation from the shortest path, the case q = 1 gives the most direct routes as optimal solution. Minimum length of bus route is another factor, which has been represented by the parameter LB. The initial setting of this parameter is done according to the designers' needs and by considering characteristics of the transportation network. Value of this parameter in small, medium and large towns varies from 5 to 30 km. In this study, according to the size of Babol and the volume of demand in its transportation network, LB parameter was defined equal to 5 km. Fig. 7 gives a graphical overview of the results of the two different scenarios which makes the comparison easier.
Conclusions
The model represented in this study helps to design urban bus routes, with park-and-ride as origin, in such a manner as to maximize the covered demand. Based on the seven factors, i.e. demand coverage, route directness, passengers' satisfaction, minimum length of bus route, budget, use of existing bus routes and number of lines, the developed model seeks to find urban bus routes in transportation network equipped with park-and-ride. However, none of previous studies have considered these factors simultaneously, also, the impact of park-andride location in designing new urban bus routes has not been studied before. Solving the model under the first scenario enables the designer to determine new urban bus routes without no restriction in the use of streets for designing new urban bus routes. In contrast, in the second scenario designer can consider the existing urban bus routes to design new routes. Based on obtained results, reuse of existing urban bus routes in designing new urban bus routes causes that the length of routes 1 and 2 are increased 2.26 km and 0.75 km respectively, also, it causes a 10% increase in the quantity of demand coverage. After collecting and processing the input data, optimal solution of the model was obtained by CPLEX solver of GAMS software. The results show that, by considering 'use of existing bus routes' factor, it will be possible to invest further money in the development of new routes, which lead to an increment in their length and the covered demand. Generally, it can be said that the developed model helps the decision makers to compare the benefits and costs of different policies. Also, it uses the most common factors in designing the network of urban buses. Using the characteristics of genetic algorithm in solving urban buses network design problem can help us to find good solutions for large-scale problems, which need much time to get optimal solution. Finally, determining urban buses service frequency along with their routing, using other heuristics to solve the problem and extending the proposed methodology to design other transport network design problems are some of future research directions.
